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.. Models are convenient expressions of how we think things ought
to be.. When we Use models to understand experience, however, it .

“is inevitable that less than a perfect‘explamation results.’ This

' . A . . )
need not mean. the end.of the model. By studyxng the residuals

) - .
from our expectations we can learn from, and come to, a better

.

understanding of our experiences.
. . . - - 7
Y Y
The impartance of inspecting residuals to-gain information , "
leading to better models.and bq&%er understood data has been
clearly dehonstrated in (;he analysis of variance literature by,
anmong others,' Anscombe and Tukey (1963) and Draper and Smith

"'(1966). Likewise, the analysis of covariance structures depends

A

on the ‘interpretion of ‘residuals -in the model testing A

i stagqs(Joregkog,lS?ﬁ). The .psgshometrid literature, however, .-

» a L] -
does not reveal as comprehensive an effort at the investigation
\bf'reSidual patterns in order to understand when and }hy data N\

devizte from a model. For example, when _ the Rasch model is

applied to dithctomous dhta.‘éhe best analyses may compute fit.

statistics for items across people @and for people across items ' )
“(Mead, 1975). ' But these sﬁatipticé are often inadequate to
locate the source of model departure. ‘@nd% since these statis- . ‘

- o

tics. are sensitive to sample size andytest length there is con-

troversy regarding the magnitude.to be }egarqed as misfifting. i
) — :___ . . . . . . - . N ) R ,A. - ,_41
|

|

|

i

|

- N

Althoygh these summary statistics have, demonstrated their use- :

fulnéss,'thesaﬁalysis of model fit must be carried furthgr; Just

as Draper and Smith dirge the display of residual patterns ih

ot z . ’
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tne_same'

addition to summary statistics'//ﬂso may approach, be

-~y

. o/
applied in our work. This paper illustrates some ftechnigues

found useful for exploring residual patterns Jyesuting from the

- — [P

d1fference between observed and egxpected scores as’ predlcted by a

Rasch model for polychotomous data developed by.Geoff ‘Masters

(Masters, 1980‘ Masters and Wright, 19Bl).
- . — ' . . k4
’ " L] - .. I's

We can derive three alternative forms with whjch to compute-a

residual from the model. The observed minus expected scoge yields

wvhat we call a score residual,

-

variance i; called a logit residual. The score res1dual~b/w1ded

by its standard dev1at1on i's called a standard1zed residual.

- LY

. : ~ \ . ]
Qur cho1ce of the residual to inspect was based on hou_yell it

prov1ded useful 1nformat1on. The dcore residual _was rejected

because floor and ce1l1ng effects restricted the variation 1n the

extremes. ' This led to our formulation of the log1t resldtal

which proved to be sensitive to Vvariations in'the extremés,.. but
The same patterns could be found\ﬁhen com-
. v r

adjustmen; to

perhaps too much so.

paring logit and’ standardized‘ results _but the

_tables and pictures in order to-handle the magn1tude of logit

. . . . .
resilduals proved to bé‘an’Thgonyen1enge.

residuals manifest

Since the standard1zed

‘a familiar metric,

-

T - - — S

patterns became the easiest of the cho:ces.‘

- N L
- - " Il .
» . '

In Sloane's (1981) dischssian the sﬁmmary.approach’to residu-

als suggested some misfitging items, Posjtivejfits':esult when

.
[

1nterpretatloq of their

The score residual divided by its B

- =

¥

N~

Ll

-

B R .
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moie "able ch11d;en sdgreildwer than expected' (yieldinq negative " P
residuals) and' less able ehildren score higher than.‘expected .
. igielddné positive residuals). Negative fits result when able e

L B a -

chil®en do better than expected (p051t1vg residuals) énd less )

able children do worse .than expected (negative reszduals). But
4 . ’ L

these summary statistics / do not tell us exactly who has \scored.

unusqally on which items, nor how widespfead the problem is.

. . L
] . y . »
- -

f'The first picture created ‘to study th1s~was a plot o¥ stahd- .,
ardized res1duals aga1nst child abilities (Figure 1) T£1s plot -

conta1ns'the original sample of 500 children. From¥left to right
the abilities increase. x s*represent 10 or more cﬁgldren with a
g1ven ability and residual Each collmn of poxnts shows the.
spread o; ;esxduals for the ¢h11dren w1th that ab111ty Fdi
instance,, the leftmo3t column shows the = 14 residuals for the
least able chiid. The picture we expect for data fitting the

model is a random pattern with a meﬁn near zero and a standard

deviation near one for each vertxcal array of res:duals ) v

P . } :

- *"What we see ip_?iéure 1 indicates something else. A rectangle

marking off plus and minus 3 standard deviations was added to the

picture to highlight the asymmetry of the @istribution in the 4th

*

guadrant. The points outslde the, area are able children with o,
Fi‘ - T AT T T - 1 ,
large negative residuvals. Tt is recognxzed that very able chil- -

-

’ \
* dtfen will appear unusual only when they miss easy 1tems, hence

. large negative res1dpals. Likéwise, the least ablé children will

L] ‘ h »
only appear unusual when they Succeed on relatively hard items,
L \ -

- L}
.

.
.
. .. .
. . . »
+
.
’ 5 *
-
il - »
- B
[ . .
. *
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yreld1ng large posr:jve res1duals. The task, then: becomes one

of finding out' who fhe able c¢hildren are, which éasy'items.were

m1ssed, and whether a valid explanation, other than one of chence

occurence, can be‘sugéested for the large negative residuals.
~ . | " - )
~ . -?

-
L4 re

. -~

~
.
- ! t

.One way to see what 1s happening is to print .the person by
dan be constructed according to various sorting schemes depending

. also be buzlt accord1ng to group membersh1p ‘sich a matrix hay

. - L]

indicate unusual behav:ors ‘individuals or groubs of people have

had on s1ngle 1tems or blocks of items. Exa ples of this type of
\ L] s

‘ matrzx can be’ found in Wright and Stome (1979).

} L]

] Figure 2 shows-such a matrix. In this eXample the columns are
,items sorted -by their d1ff1culty and the rows are chzldren sorted
by tHeir ability.  Both sorts are descending. .Varxous summaries

may be collected 1n the margzns. The entries in the matrix are

- standard1ze§ truncated residuals. Any res1dua1 with an absolute

—  waTue equaI’to or greater than 9 was set equal to 9., The summary

‘. . . = ° * - .u"
statistics, however, were computed from real .valued standardized

[ ‘ . »

. residuals. In these matyrices, a criterion must be set so that
, o~ . : e s
| data are sufficiently focused whgn person by item interac\éons

,are brought out. This,allows for the matrix tl'be simple enough

TR}

.to grasp This criterion was set .such ‘that only negative residu-

als equalgso or less than -3. 0 and only children who had at least

. one suoh reszdual afe displayed This matrix concentrates on

”-

. -
- - \ . ‘
-
L . ., ,
a

item residual matrix and to scan‘it.for patterns. This matrix,

L

. . Page ¢ ' |

upon what aspect the fnuestigator wishes to hhghlight. It may
3

.
» .
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" surprising mistakes, ° . ¢ : .
U , ' . K
e * ’ . H " L
- In the SUBJ. ID field in the left margin of the matrix, the

first 2 columns are the age of the chiid in months and the third

column is the child's sex. ("L" for boys: "2" for girls). _The

raght most margih'has'the child's logit abflity.

iy . ) . ) '

Ihspection of the ID tield suggests that boys and ‘girls are
spxead equally throughout the abirity' range. There does appear

to be some age d1ffevent1at19n, however. The older children gen-
erally heve the greater abilities whlile the younger children are
pr1mar11y in the lower ab111ty range: The fact that older chil-
dren perform better™on a developmantal 1nstrument is hardly sur-
pr1s1n<_:;. Of interest to us 1s whether the fa11uresQ| relatively
easy items can be explained by a character15t1c of .the item that

1 to a reiated grou§ )

. children having had-uqeigected trouble

with it, .
) 1

r 4 -

v e 2

- A . . _ -
wvhat appeared to be/ an age factor operat1ng in,anm unexpected

direction. First

' and then selected lhe 56 oldest and 424youngest ones. °* ’ 'i

.
] ’ - »
- ] .

’ ' Fighre 3 is the plot of the 98 boy abflities by their residu-

\ &ls. This plot corrEsponds with that of Figure 1. At this poidt

» though, we do ﬁot know the age of the most able-chxldren in F1g-
3

ure 3, nor what 1tems are 1nvolved nor if therer1s even a dif-
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ference in the abilities distributed among the two age groups. ,

« ! .
. . - .

Figure 4 present% the residual matrix for the reduced, set of

98 boys. In the ID field the first 2 columns are the age and

the third column is the age group classification ("1" if the age
. 1 . *

months). The criterion was set for negative residuals equal to

-

dren who: have dom% worse than expected. ) ’ *

4 [
Fl \ .

This concludés our discussion of search technigues for under-

standzng the summary statzstzcs used by SIoane. +These results do

’

not completely explaxn her misfitting 1tems becaise the g1r1§ are
not included as part of, our older and younger boy d;chotomy The
point sho)ld be cleqr, however, that the m:sf;t 1n Sloane's ori-
. ginal solution can be explored through a residual apalys:s.

Inspection of the residual matr%ces is one way of understanding

” L4
. -

why an item has misfit the model. '

. _ -
—_——— —_ e - - - - s f
N . ] . -

Now we look at Phe subvsampie of " 98 boys to see if the varia-

ble definftion has remained the same'for the twgrage groups: Qur |

.is less thap 47 months, RFLIEY ‘the age is greater than 59

of
g

‘or less than:-2.0. , This matrix highlights those more able chil-.

/

intent’ is to demoh;trate a process that may be appl:ed“whenever/

‘the questxon 15 asked "Have these groups of people performeﬂ th

' L}

LY
ﬁ‘ A -

. Figﬁre 5 is an ability frequency distribution map. The young-

same on the instrument?". -

est boys are on the upper map, the older boys on the lower. The

r

-
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numbers inéicate the number of people located at the same posg-

ti h. Double d1g1t numbers are read vert1cal}y,'e g..in %he sec-
ond map the 1 above the, 8 refers to 18 people with an ability

near 3.Q. "The M and S refer to the respect1ve meahs and standard
deviations. Plgure 5 shows how much more able the qidg; boys are
y

than the younger. Figures 6 and 7 show, the abilit "residual
N .

plots for the younger and older boys, respectively, xThere:uere

no negatzve abilities for the older boys so we removed the nega-

t1ve side of the plot from 'Figure 7. . A comparigon with Fzgure 3

.' 3 ‘ - - L L3
confirms that the large negative residuals are due.primarily to
the older boys. We'hpw turn to the.investigation of the items.

. .
L]
! n

Figure 8 is d& plot of restduals aga1nst item difficulties.

+

The items range from eas1est at the left to hardest at the right.
7

,Thé tectangle marks off plus and minus 3 standard deviations.

-

The 3rd guadrant shows that the eas1er items have the large nega-
tive reszduals. This- p1cture confxms what wve learned £rom F1gures

3 and 4, ' . - -

The information in the sorted matrices of Fiqure' s 2'and 4 is

convenzent when the sample in the matrix does not exceed 100. At

’

_that point three pagés are required to present the p1cture. This

.motivatES u§‘to seek another way of presenting the: residual

ihformation for large samples or when group comparispns are to be

. [

made. A useful way to compard groups in terms of. residual dis-

/
tributions over individual.items is shown in Figures 9 .and 10

In Figure 9, for ITEM8, vwe see the resfghal.distrrbution for each

-
. L ]
B

e e
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. group of boys on a line extending from -5 to +5 standardized

-

residual units. #he integers on the line represent the number of
hboys who had_a giden residual value. Again the numbers are read
vert1cally and the M and § represent the group means and standarde

devratxons ‘of bhes .residuals.

.y . 4

B »
. % -

This type' of map'allows a detailed eiam}nation of within and

L

between group performances on individual items. Also, we can
' b [ ] . ! " "
combine items that are similar and bujld these maps for groups of.

people across items. " Not only can we find where surprising

-

'behaqéor .has occurred but we can identify which children and

_i&emsrgre invol%ed.
. toa

~

->

- *

A useful summary of all ‘the item maps is contained in Table 1,

. The Table contains the group means and standard deviations for
each 1tém s res1dualf This table may be used in a variety of
uays. * We could take the d1fference between group means and look

at the 1tems with the largest differences™ We ¢ould look at each

i
4,;te@ where there was a difference in the s1gn of the mean. Por

be

this example, we chose: to' cancentrate on the 2nd columnsof medns

ndvstandardldev1at1ons, in part:cular, the negat1ve means.

-~

- —_—

~
’

When data fit the model, residuals are ability and difficulty

« £ree and differend@s in summéry statistic¢s should be attributeble

to chance. We have seen in these data, however, a comb1nataon of
hxgh ability and low' difficulty that results in high negat:ve

. residuals. Since the older boys are éenerallf thé more able we

[ x PO

o, N " . - . ? .
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b » -

expect them to hawe higher means and smaller'standard'dewdati6ns

¥

"in'the residuals relative to the younger'ones:' The negative

means for the older boys under column 2 represent instancqf\where

g

the mean performance by fhe older boys was “worse . in terms of
V.

expected behaVior than that expected . from the younger ones.

sipce this instryment vas designed to meagyre deuelopment it is

surprising to see some of the more able, older boys ﬁerforming

condiderably worse than expected

formance was bag~ just that it was not as good as was expected.

.

. L]
L]

We need{o know if the surprising residual means can be .

' explained by chance or whether Something more fundamental is at

stake. ~From inspecting, the maps for ITEMS on& ETEQ14. in Figure

9, it

‘skewed the means of the.older boys.

LY L

found in Figure 4 under the two ifems in question. After tracin

the probYem down to two outliérs on each irem, "de conclude the

-
LY

further if we cared to because we have identified.specific chil-
’ [y

Al

dren-who had §£rprising trpuble. ) - . .

~ . - »

. L e . ]
® 2 - :

Looking at -the r/,e,idugl distributions for ITEM6, ITEM7 and

TTEMI1,

in Figure 10, we see that in each case the older boy

'distrihution is bimodal with a group of children about one’ stan-

L]

daré deviation below the mean. Those with,positive residuals are

- not sdrprising.' Those with the negative‘residuals suggest a pat-

o+

tern of deficiency or erroneous observation and we'may ask if the

is evident that outliers (indicated by ,asterisks) have.

These childrep may also bs%l
+
9

items are functioning as intended but we could take ‘the matter

4
~

-

This is not to say their per- -iJ




1

]

~ & -
¢ items are functioning as intended. It would be reasonable, how-

-

-~
PO
-

L}

tlarger, negative residuals are from the same children. From a

Apparently the problem with ITEM6 and ITEM7 is due to a ‘few of

‘caiibrate the 1tems separately for the two ‘groups of boys. and

.- ; .. . “ e . -~ | s
_ ST LN : RN
* ‘ ' o J Page 10

*

e e . t

matrix of resxduals w;th a cr1ter1on set at -1 we found that, in

r -

fact, ,some of the same children had large residuals on combina-

tions of two of the three items and these children were in the.
> ]

middle range of the ability distribution for the older boys. :

tlie same older boys. S1nce the median for these items is cgnsid-

erably to the right of the respect1ve means we suggest these

’ - * .
ever, to monitor these items in future applications,

. . \ ] ©

Such an interpretation is not possible, héwemer, for ITEMIl in
Figure 10, Here the median approaches the mean but the. distribu-
tion is _still bimodal. Who made the mistakes on this item? -
;nterestingly, it was the most able of the older boys. We deter-

mine this by looking again at F{gure 4 and.. not1c1ng the largest

residuals belofig to boys in the highest a5i11ty levgl mhe prob-

"lem with ITEM1l may be due to' confusion on- the part of some of

the older boys who did got know to wheﬁ\\the Vin ft?nt of ' ‘

1nstruct1on was d1fécted.

¥

L1Y . o a mem = e
T

'
-‘ “ .

whe}e doe%‘this leave hq? he.coﬁﬁd be asked in we did not

plot the item d1ffxcu1t1es against one another with error bands’

hd [

This was done in Figure 1;,_;0 undersc re why it is not necessary

and can be m1slead1ng. One reason for lorxng the residuals T
/ ‘Pl"

T
from a total sample ca11bratzon was to show that the 5ame group

*
*» .
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d1f£erences/aro Seen as when separate callbrat1ons are done.. The,
first thmg to .check in Figure 11 is whether t.he same 1tem§ that T *

the res1dual analys1s tagged as»pecul:;ar also stand out 1n the,

-y * . . -

"plot.. We see they do in fact e1t‘ber lie outside.or close to the ’

3 standard error bands. ﬁ 1mpor:tant poan” however, is not th\é .

. . -‘
corroborat1on. If e saw only this plor ve might conclude there

was a v‘ar1able def1n1t1on problem in these data, one where the .

1tems meant one thmg to th§ older boys and anot'her to the youn- .
N \ ,“ > .
" ger. But th1s is -not the caS¢ a5 we, have Seen by exp&9r1ng and
‘, gxplam.mg‘t‘he reszdual patterns. _ Theg: plqt 1n Figure 1l merely ‘v

: - " \ v .

indicates that ¢erta1n i tefms are pe’@uhar but doyot explain

whyp The same argument holds true 1f one’ is 1nterested in com-.

« -

putmg t statzstcs to test the d1f£erence between paits of item’
d1’ff1c\11ties; The reS1dual analys1s not only 1dent1f1es the same >

1teps bnt ma'y explam with Jud1c1ous 1nvest,1gat1on whybthere was

\
'a pecul1ar1& and shows that, except for ITE} l, it is not neces- e
sarily’ a problem of rb-em cons*truct1on.. . -
‘F . - % u- . ‘1

In conclus‘ton, we arque that a systemat1c analys1s of res~1du-

als offers the 1nVest1gator a decision fac1litat1on techmque not

. " .
. found rn the conventlonal _summary f1t stat%§t1cs. The process ' ~
L] ’ L]
[ ]
may be used to unaerstand individual people, individual items, ‘ .
AR

groups of people or groups of items. Such 2an understanding of -

-

remdual patterns may prove useful as>‘a means of addressmg

f

. 1ssues of ‘item b1as',¢ quessmg and 'd1scr1m1natlon - ) ’
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